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1 Introduction

In the geometry of real hypersurfaces in Hermitian symmetric spaces, many differential geome-
ters have studied the characterization under special condition [4, 11]. Moreover, in complex
space forms or in quaternionic space forms, they have considered new notions weaker than
having parallel second fundamental form, that is, VA = 0 (see [7, 12]).

Now as an ambient space, we introduce a complex two-plane Grassmannian Go(C™*2) of
all complex two-dimensional linear subspaces in C™*2. Another aspect of complex Grassmann
manifolds G5(C™*%2) is that they are homogeneous spaces of unitary groups and represent
irreducible Hermitian symmetric spaces of rank 2. Especially this Riemannian symmetric space
is the unique compact Riemannian manifold being equipped with both a Kéhler structure J
and a quaternionic Kéhler structure J not containing J. The almost contact structure vector
field ¢ defined by £ = —JN is said to be a Reeb vector field, where N denotes a local unit
normal vector field of a real hypersurface M in Go(C™*2).

The almost contact 3-structure vector fields &, for the 3-dimensional distribution ®+ of M
in Go(C™*2) are defined by ¢, = —J, N (v = 1,2,3), where J,, denotes a canonical local basis of
a quaternionic Kéhler structure J, such that T, M = D @D+, x € M. Then, naturally we could
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consider two geometric conditions for hypersurfaces M in Go(C™*2) that the 1-dimensional
distribution [¢] = Span{¢} and the 3-dimensional distribution ®+ = Span{¢;, &, €3} are both
invariant under the shape operator A of M (see [2]). Furthermore, the Reeb vector field ¢ is
said to be Hopf if it is invariant under the shape operator A. The one-dimensional foliation of
M by the integral manifolds of the Reeb vector field £ is said to be a Hopf foliation of M. We
say that M is Hopf hypersurface in Go(C™%2) if and only if the Hopf foliation of M is totally
geodesic. Using the formulas in Section 2, it can be easily checked that M is Hopf if and only
if the Reeb vector field ¢ is Hopf.

By using two invariant conditions mentioned above and the result in Alekseevskii [1], Berndt

and Suh [2] proved the following:

Theorem 1.1 Let M be a connected orientable real hypersurface in Go(C™*2), m > 3. Then
both [£] and D+ are invariant under the shape operator of M if and only if

(A) M is an open part of a tube around a totally geodesic Go(C™T1) in Go(C™*2), or

(B) m is even, say m = 2n, and M is an open part of a tube around a totally geodesic HP™
in Go(C™*2),

Using Theorem 1.1, Lee and Suh [10] gave a characterization of real hypersurfaces of
Type (B) in G2(C™%2) in terms of the Reeb vector field ¢ as follows:

Theorem 1.2 Let M be a connected orientable Hopf hypersurface in a complex two-plane
Grassmannian Go(C™*2), m > 3. Then the Reeb vector field & belongs to the distribution
D if and only if M s locally congruent to an open part of a tube around a totally geodesic

HP"™ in Go(C™*2), m = 2n, where the distribution ® denotes an orthogonal complement of
DL = Span{£1a£27£3}'

Now, instead of the Levi—Civita connection, let us consider another connection, namely,
the generalized Tanaka—Webster connection (in short, the g-Tanaka—Webster connection) vk
for a non-zero real number k [5, 8]. This new connection V#) is defined by the naturally
extended one of Tanno’s generalized Tanaka—Webster connection V for contact metric mani-
folds. Actually, Tanno [14] introduced the notion of generalized Tanaka—Webster connection v
defined on contact Riemannian manifolds from the canonical connection which coincides with
the Tanaka—Webster connection if the associated CR-structure is integrable.

Using such a g-Tanaka—Webster connection v, many geometers have studied some char-
acterizations of real hypersurfaces in a complex two-plane Grassmannian G(C™%2). Recently,
Jeong et al. [5] considered g-Tanaka—Webster parallel shape operator, that is, (@g’;)A)Y =0 for
any tangent vector fields X, Y on M and gave a non-existence theorem for Hopf hypersurfaces
in Go(C™*2). Moreover, in [6] the authors gave a new characterization of real hypersurfaces
of Type (B) in G2(C™*2) with another parallel notion of shape operator concerned with g-
Tanaka—Webster connection, that is, (@EI;)A)Y = 0 for any vector fields X € D+ and Y € TM.

Motivated by these results, in this paper we consider another new notion of g-Tanaka—
Webster parallelism for the shape operator on real hypersurfaces M in Go(C™%2). If the shape
operator A of M satisfies (@E?)A)Y = 0 for any vector fields X € © and Y € T'M, then the
shape operator is said to be ©-parallel in the generalized Tanaka—Webster connection. Naturally,
we know that such kind of notion is different from the g-Tanaka—Webster D1 -parallel in [6] and
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weaker than the g-Tanaka—Webster parallel in [5]. Then related to the notion of ©-parallelism,
we assert the following:

Theorem 1.3 There does not exist any Hopf hypersurface in a complex two-plane Grass-
mannian Go(C™+2), m > 3, with D-parallel shape operator in the generalized Tanaka—Webster

connection.

2 Preliminaries

Basic materials about complex two-plane Grassmannians are well known to us (see [2, 3]). This
complex two-plane Grassmannian Go(C™%2) becomes a Riemannian homogeneous space, even
a Riemannian symmetric space. Using Lie algebra, we normalize g such that the maximal
sectional curvature of (Go(C™%2), g) is eight.

A canonical local basis {J1, Ja, J3} of J consists of three local almost Hermitian structures
J, in J such that J,J, 11 = J, 32 = —J,11J,, where the index v is taken modulo three. Since
3 is parallel with respect to the Riemannian connection V of (Ga(C™1?), g), there exist for any

canonical local basis {.J1, J2, J3} of J three local one-forms ¢y, g2, g3 such that
Vxdy = ur2(X) o1 = i1 (X) Jugo (2.1)

for all vector fields X on Go(C™*2).
Furthermore, the Riemannian curvature tensor R of G (C™+2) is locally given by

R(X.Y)Z = g(Y, 2)X — g(X, 2)Y + g(JY,Z)JX
—g9(JX,2)JY —29(JX,Y)JZ

3
+ > {9(LY, 2) 1, X — g(J. X, Z2)1,Y —29(J,X,Y) ], Z}

v=1

3
+ Y {g(LJIY, 2) ], X — g(J,JX, Z)],TY }, (2.2)
v=1
where {J1, J2, J3} denotes a canonical local basis of J.
Now, let M be a real hypersurface in Go(C™%2), that is, a hypersurface of G(C™*?) with
real codimension one. The induced Riemannian metric on M will also be denoted by ¢, and V
denotes the Riemannian connection of (M, g). Let N be a local unit normal vector field of M

and A the shape operator of M with respect to V. Let us put
JX =¢X +n(X)N, J,X=¢X+n(X)N (2.3)

for any tangent vector field X of a real hypersurface M in Go(C™*2), where N denotes a unit
normal vector field of M in Go(C™%2). From the Kéhler structure J of Go(C™%2), there exists

an almost contact metric structure (¢, &, 7, g) induced on M in such a way that

X =X +9(X)5, =1 ¢£=0, nX)=g(X9 (2.4)

for any vector field X on M. Furthermore, let {Jy,J2,J3} be a canonical local basis of J.
Then the quaternionic Kéhler structure J, of Go(C™*2), together with the condition J,,J, 11 =
Jy+2 = —Jy41J,, induces an almost contact metric 3-structure (¢,,&,,7,,9) on M as follows:
¢12,X =-X+ nu(X)glu nu(gy) = 1; ¢I/§V = 07 ¢u+1€1/ = _§ZI+2) ¢V§V—‘r1 = €V+27

(2.5)
¢V¢V+1X = ¢u+2X + 771/+1(X)£V7 ¢V+1¢VX = _¢V+2X + nV(X)€V+1
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for any vector field X tangent to M. Moreover, from the commuting property of J,J = JJ,,
v = 1,2, 3, the relation between these two contact metric structures (¢, &, 7, g) and (¢, &, M0, 9),
v =1,2,3, can be given by

¢¢VX = ¢V¢X + nu(X)§ - W(X)fu, nu((bX) = 77(¢VX)> (bgu = (bl/é- (26)
On the other hand, from the parallelism of Kahler structure J, that is, VJ = 0 and of

quaternionic Kéhler structure J (see (2.1)), together with Gauss and Weingarten formulas it
follows that

Vx& = qui2(X)i1 — i1 (X)E12 + 0, AX, (2.8)
(VX¢V)Y = _qu+1(X)¢u+2Y + Q42 (X)¢v+1Y + nV(Y)AX - g(AX, Y)ﬁl/- (2'9)

Using the above expression for the curvature tensor R of G, (C™*2), the equation of Codazzi

is given by
(VxAY — (VyA)X = (X)¢Y —n(Y)¢X —29(¢X,Y)¢

+Z{m )6, Y — (V)6 X — 29(6,X,Y)E}

+ Z{m(qsxmw — 0 (¢Y )9 X }

v=1

+Z{n ) (8Y) = (Y )m, (6 X) 1€, (2.10)

Now, let us introduce the notion of g-Tanaka—Webster connection V*) on real hypersurfaces
in Kéhler manifolds (see [5, 6, 8]).

As stated in the introduction, the Tanaka—Webster connection is the canonical affine con-
nection defined on a non-degenerate pseudo-Hermitian CR-manifold (see [13, 15]). For contact
metric manifolds, their associated CR-structures are pseudo-Hermitian and strongly pseudo-
convex, but they are not in general integrable. In this situation, Tanno [14] defined a new
connection V given by

VxY = VxY + (Vxn)(Y)E = n(Y)Vxé = n(X)gY (2.11)
for contact metric manifolds as a generalization of the original Tanaka—Webster connection.
From such a point of view, we called this new connection V the g-Tanaka—Webster one. From
this, we know that the g-Tanaka—Webster connection V coincides with the TanakaWebster
connection if the associated CR-structure is integrable. Moreover, since a real hypersurface
M of Kéhler manifolds satisfies A¢p + ¢A = 2¢ if and only if M is contact metric, we have
another g-Tanaka—Webster connection V®) for M as an extension of the Tanno’s connection
V. Actually, by substituting (2.7) into (2.11), the generalized Tanaka—Webster connection v®)
for M is defined by

VY = VXV +g($AX,Y)E = n(Y)$AX — kn(X)¢Y (2.12)

for a non-zero real number k (see [5, 6, 8]). (Note that V*) is invariant under the choice of the

orientation. Namely, we may take —k instead of k in (2.12) for the opposite orientation —N'.)
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3 Key Lemmas

Let us assume that M is a Hopf hypersurface in a complex two-plane Grassmann manifold
Go(C™*2) with generalized Tanaka—Webster ®-parallel shape operator, that is, the shape op-

erator A satisfies
VY =0 (%)

for any vector fields X € ® and Y € TM.
First of all, we give the fundamental equation induced from the definition of the generalized

Tanaka—Webster connection (2.12) as follows:
(V)Y = v y) - avPy)
= (VxA)Y +g(pAX, AY)E — n(AY)pAX — kn(X)pAY

— g(@AX V)AL + n(Y)APAX + kn(X)AgY (3.1)

for any tangent vector fields X and Y on M.
Since M is a Hopf hypersurface in Go(C™%2), by the condition (*) the equation (3.1) is

rewritten in the form
(VxA)Y + g(¢AX, AY)E — an(Y)9AX — kn(X)pAY

—ag(pAX,Y)E+n(Y)APAX + kn(X)ApY =0 (3.2)

for any vector fields X € ® and Y € TM.
Replacing Y by £ in (3.2), we have

(VxA)E — apAX + ApAX = 0. (3.3)
Moreover, since (VxA)¢ = (Xa) + apAX — ApAX, the equation (3.3) can be written as
(Xa)e =0

for any vector field X € D©.
By taking the inner product with & in above equation, we have X« = 0 for any vector field
X €. From this, we obtain the following result:

Lemma 3.1 Let M be a Hopf hypersurface in a complex two-plane Grassmannian Go(C™+2),
m > 3, with ®-parallel shape operator in the generalized Tanaka—Webster connection. Then the
principal curvature « = g(AE, &) is constant along the direction ®, that is, Xa = 0 for any
vector field X € ©.

Here, it is a main goal to show that the Reeb vector field £ belongs to either the distribution
D or its orthogonal complement of D+ such that TM = D ® D+ in G5(C™*?) when the shape
operator A of M is ®-parallel in the generalized Tanaka—Webster connection.

From now on, unless otherwise stated in the present section, we may put the Reeb vector
field £ as follows:

£ =n(Xo)Xo +n(&1)é1 ()
for some unit vector fields Xo € © and &; € DL,

On the other hand, using the notion of geodesic Reeb flow, Berndt and Suh [2, 3] proved
the following;:
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Lemma 3.2 If M is a connected orientable real hypersurface in Go(C™+2) with geodesic Reeb

flow, then we have the following two equations:

3
Ya=(a)n(¥) =4 m(&)n(#Y). (3.4)

v=1

and

QAPY + adAY — 2A9AY + 20Y

3
=2 {=n (V)68 — n(8Y)& — ()b Y + 2n(Y)mu (§)d€, + 200 ($Y )0 ()} (3.5)

for any tangent vector field Y on M.
Now, using these facts, we prove the following:
Lemma 3.3 Let M be a Hopf hypersurface in a complex two-plane Grassmannian Go(C™*2),

m > 3, with ©-parallel shape operator in the generalized Tanaka—Webster connection. Then the
Reeb vector field € belongs either to the distribution ® or the distribution D+.

Proof  Actually, when the smooth function a@ = g(Ag,¢) vanishes identically, this lemma
can be verified directly from (3.4). Thus, we consider only the case that the function « is

non-vanishing. By using Lemma 3.1 and putting Y € © in (3.4), it becomes

(Ea)n(Y) —4ni()m (oY) = 0.
Since ¢€; = 1n(Xo)¢1Xo, it follows

1n(X0)(§a)g(Xo,Y) + 4n(Xo)n (§)g(Y, $1Xo) =0 (3.6)

for Y € ®.

First, we assume that £a # 0. Substituting Y by X, the equation (3.6) yields n(Xp)(fa) =
0. By using our assumption {a # 0, we obtain n(Xp) = 0. From this and (xx), we have
€ = n(&)& and thus we assert that the Reeb vector field ¢ belongs to the distribution ®+ for
this case.

Next, we suppose that £a = 0. Since Xy € ©, the vector field ¢1 X, also belongs to the
distribution D, that is, ¢1 Xo € ©. Thus substituting Y by ¢; Xg in (3.6), we get n(Xo)n1(£) =0,
that is, 7(Xo) = 0 or n1(§) = 0. It means that £ belongs either to the distribution © or the
distribution D+.

Accordingly, summing up these cases the proof of our Lemma 3.3 is completed.

4 Proof of Theorem 1.3

Let M be a Hopf hypersurface in Go(C™*2) with D-parallel shape operator in the generalized

Tanaka—Webster connection, that is, the shape operator A satisfies the following condition:
(V@AY =0 (%)

for any vector fields X € ® and Y € TM. Then by Lemma 3.3, we are able to consider the
following two cases that the Reeb vector field € either belongs to the distribution ®+ or to the
distribution ©.

First of all, we consider the case £ € ©+. Without loss of generality, we may put & = ;.
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Lemma 4.1 If the Reeb vector field & belongs to the distribution ®+, then there does not
exist any Hopf hypersurface M in a complex two-plane Grassmannian Go(C™*2), m > 3, with

D -parallel shape operator in the generalized Tanaka—Webster connection.

Proof By using (3.2), we have
(VXA)Y + g(6AX, AY)E — ag(¢AX, Y)E = 0 (4.1)

for any tangent vector fields X,Y € ©.

Interchanging X with Y in above equation, we get
(Vy A)X + g(pAY, AX)E — ag(pAY, X)E = 0 (4.2)

for any vector fields X, Y € ©.
By means of the equation of Codazzi (2.10) and (3.5), subtracting (4.2) from (4.1), we
obtain
0= (VxA)Y — (VyA)X +29(ApAX,Y){ — ag(pAX,Y)E + ag(¢AY, X)¢
= —29(X,Y)E = 29(1 X, Y)&1 — 29(62X, Y )& — 29(¢3X, V)3 + ag(AdX, V)¢
+ag(pAX,Y)E+29(0 X, Y)E +29(01 X, Y)E — ag(pAX, Y)E + ag(pAY, X)E
for any vector fields X, Y € ©.
Taking the inner product with &3, the equation (4.3) reduces to

9(¢2X,Y) =0 (4.3)

for any vector fields X, Y € ©.

Let {e1, e, ..., €4m—a, €4m—3, €4m—2, €4m—1} be an orthonormal basis for a tangent vector
space T, M at any point x € M. Without loss of generality, we may put eg,—3 = &1, €gm—2 = &
and eg,,—1 = &3. For this orthonormal basis {e; |i = 1,2,...,4m — 1} the tangent vector ¢oX
where X € © is given by

4m—1
¢2X = Z g(¢2Xa ei)ei
4:—14 3
= Z g(d2 X, e;)e; + Zg(¢2X7 §)&w
v=1 v=1

Besides, since g(¢2X,&£,) = 0 for any v = 1,2, 3, we see that ¢oX € D for X € ©. Therefore,
from (4.3) it implies that
P2 X =0

for X € ©. Applying ¢, to both sides, we get X = ny(X)&; for any tangent vector field X € D.
Consequently it follows that any tangent vector X belonging to the distribution ® becomes
zero, that is, it means that dimM = 3. But since the dimension of M is 4m — 1 (m > 3), it
makes a contradiction. So, we can assert our Lemma 4.1.

Next we consider the case £ € ©. By virtue of Theorem 1.2 due to Lee and Suh [10], we

give the following:
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Lemma 4.2 Let M be a Hopf hypersurface in Go(C™+2) with ©-parallel shape operator in the
generalized Tanaka—Webster connection. If the Reeb vector field £ belongs to the distribution
9, then M s locally congruent to an open part of a tube around a totally geodesic HP™ in
G2(C™+2), m = 2n.

From the above two Lemmas 4.1, 4.2 and the classification theorem given by Theorem 1.1
in this paper, we see that M is locally congruent to a model space of Type (B) in Theorem 1.1
under the assumption of our Theorem 1.3 given in Introduction.

Hence it remains to check if the shape operator A of real hypersurfaces of Type (B) satisfies
the condition (x) for any vector fields X € ® and Y € TM. In order to do so, we introduce
a proposition related to eigenspaces of the model space of Type (B) with respect to the shape
operator. As the following proposition (see [2]) is well known, a real hypersurface M of Type (B)

has five distinct constant principal curvatures as follows:

Proposition 4.3 Let M be a connected real hypersurface in Go(C™2). Suppose that AD C
D, AE = o€, and £ is tangent to . Then the quaternionic dimension m of Go(C™%2) is even,
say m = 2n, and M has five distinct constant principal curvatures
a=—2tan(2r), p[=2cot(2r), =0, A=cot(r), p=—tan(r)
with some r € (0,7/4). The corresponding multiplicities are
m(@) =1, m(B)=3=m(7), m()=4n—4=m(p)
and the corresponding eigenspaces are
To =RE= Span{{},
Tg=3JE = Span{f,j |v=1,2,3 },
T’y = 35 = Span{¢v§| v=12,3 }7
T)\, T,ua
where
T\oT, = HCH):, =T\, IT,=T, JT\=T,.
The distribution (HCE)L is the orthogonal complement of HCE, where
HC¢( =REDRIED JE B JIE.

To check this problem, we suppose that M has ®-parallel shape operator with respect to
the g-Tanaka—Webster connection. Putting X =£ € ® , Y =& € T in (3.2) and using (2.5),
it becomes

0= (VeA)& + g(9AL, AL)E — an(§2) AL — kn(§)p AL,
— ag(PAEL, £2)€ + n(&2) APAE + kn(§) Agéo
= afd2§ — kBp2€ + k€
= Bla —k)¢a€,
because (Ve A)§ o = BVe€a — AVe€s and v = 0. Taking the inner product with ¢2&, we have

Bla—k) =0.
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Since 3 # 0 by virtue of Proposition 4.3, it follows that
a=k. (4.4)
On the other hand, putting X =£ € ® and Y € T} in (3.2), we get
0= (VeA)Y — kpAY + kAgY. (4.5)
Using the equation of Codazzi (2.10), we know
(VeA)Y = (Vy AL+ oY
= apAY — ApAY + ¢Y.
Thus since Y € Ty and ¢Y € T}, the equation (4.5) can be written as
0= alpY — AupY + @Y — kXY + kugY. (4.6)
Therefore, inserting (4.4) in (4.6), we have
0 = al@Y — AugY + ¢Y — a@Y + augY
= —AupY + @Y + augy.
Taking the inner product with ¢Y, we obtain

O=ap—Ap+1
_ Atan®(r) + 2 — 2tan?(r)

1 — tan?(r) ’
because o = —2tan(2r), A = cot(r) and pu = — tan(r) with some r € (0,7/4), from Proposi-
tion 4.3. Thus we get tan?(r) = —1. This gives a contradiction. So this case cannot occur.

Hence summing up these assertions, we give a complete proof of our Theorem 1.3 in Intro-
duction. 0

On the other hand, in a Levi—Civita connection, if we consider a new notion of ®-parallel
shape operator, that is,
(VxA)Y =0 (")

for any vector fields X € © and Y € TM, then its notion is different from the g-Tanaka—
Webster ©-parallel and much weaker than parallel shape operator. Now using such a notion in

usual Levi-Civita connection, we assert the following (see [9]):

Remark 4.4 There does not exist any Hopf hypersurface in a complex two-plane Grassman-

nian G(C™*2), m > 3, with D-parallel shape operator.
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